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Abstract Interfaces can play a dominant role in the
overall response of a body. The importance of inter-
faces is particularly appreciated at small length scales
due to large area to volume ratios. From the mechan-
ical point of view, this scale dependent characteristic
can be captured by endowing a coherent interface with
its own elastic resistance as proposed by the interface
elasticity theory. This theory proves to be an extremely
powerful tool to explain size effects and to predict the
behavior of nano-materials. To date, interface elasticity
theory only accounts for the elastic response of coher-
ent interfaces and obviously lacks an explanation for
inelastic interface behavior such as damage or plastic-
ity. The objective of this contribution is to extend inter-
face elasticity theory to account for damage of coherent
interfaces. To this end, a thermodynamically consistent
interface elasticity theory with damage is proposed. A
local damage model for the interface is presented and
is extended towards a non-local damage model. The
non-linear governing equations and the weak forms
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thereof are derived. The numerical implementation is
carried out using the finite element method and consis-
tent tangents are listed. The computational algorithms
are given in detail. Finally, a series of numerical exam-
ples is studied to provide further insight into the prob-
lem and to carefully elucidate key features of the pro-
posed theory.
Keywords Interface elasticity · Non-local damage ·
Cohesive zone · Coherent interfaces · Finite element
method · Nano-materials · Size effect
1 Introduction
An interface can markedly differ from its surrounding
bulkdue toprocesses such as agingor atomic rearrange-
ment that can substantially affect the overall responseof
the body. Within a continuum mechanics setting inter-
face behavior is often described using one of the fol-
lowing models:
– For non-coherent interfaces, often described by
cohesive zonemodel (CZM), the constitutive behav-
ior is represented by a traction-separation law. This
approach is essentially based on the fact that local
material damage takes place associated with a dis-
placement jump across the interface. Thus in this
approach the interface traction is a function of the
displacement jump. However this model can not
capture the interface mechanical response if the
loading conditions do not cause any form of opening
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(a) (b) (c)
Fig. 1 a Classical cohesive non-coherent interface damage
model, b interface elasticity theory, c interface elasticity theory
accounting for damage. The different color of the interface in b
and c represents the different interface material properties com-
pared to those of the bulk. The broken and intact springs represent
damaged and undamaged states of the interface respectively
displacement. This is due to the face that classical
CZM lacks any elastic resistance against tangen-
tial deformation of the interface1 and consequently
can not capture the damage of the interface under
such condition (see Fig. 1a). For further details on
1 The tangential deformation of the interface and shear/sliding
displacement jump across the non-coherent interface (see Tver-
gaard 1990, for instance) are two very different phenomena. The
former is measured in terms of a second-order superficial defor-
mation gradient and the latter in terms of the displacement jump
vector. The former then causes interface stress on the tangential
plane of the interface resulting in the superficial second-order
Piola stress tensor while the latter causes traction, a vector quan-
tity across the interface. To induce stress on the tangential plane
of the interface one needs to apply some form of deformation
on the elastic interface, whereas a cohesive interface is existent
if and only if there is some form of opening (normal or shear)
across the interface.
cohesive damage type interface models see Baren-
blatt (1962), Needleman (1990, 1992, 2014), van
den Bosch et al. (2006, 2007), Mosler and Scheider
(2011), Aragón et al. (2013), Wu et al. (2014) and
references therein.
– A coherent interface is endowed with its own elas-
tic behavior ormore precisely with its own energetic
structure. Recall that the coherence condition on the
interface implies the continuity of the displacement
across the interface and thus the displacement jump
vanishes identically. The interface elastic response
is a function of the superficial interface deforma-
tion gradient. This approach, referred to as “inter-
face elasticity theory”, proves to be a very powerful
tool to capture the material behavior at the nanome-
ter scale where the interface area to the bulk volume
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ratio is significant. However, the classical interface
elasticity theory suffers from the fact that the inter-
face behavior remains elastic regardless of the strain
level at the interface (see Fig. 1b). Section 1.1 briefly
reviews this model.
The objective of this contribution is to extend the
latter approach, i.e. interface elasticity, such that it also
accounts for damage along the coherent interface (see
Fig. 1c). This is motivated by the fact that the well-
established interface elasticity theory is essentially the
interface counterpart of bulk elasticity theory.
It is worth mentioning that one of the motivations
behind non-local models in the bulk is mesh-objective
finite element simulation of strain softening materi-
als. Strain softening however in the local form violates
Drucker’s stability condition andwell-posedness of the
boundary value problem (Bažant and Jirásek 2002). In
addition, the finite element simulations of local strain
softening problems suffers from a pathological mesh
dependency leading to strain localization into a zero-
volume zone. In other words, converging to a mean-
ingful solution upon mesh refinement is not achiev-
able. Thus, non-local damage models were developed
to limit localization, to guarantee the well-posedness
of the problem and mesh objectivity. Furthermore, it
is shown by Bažant and Xi (1991) that growth of
micro-cracks is determined by the energy release from
the volume encompassing the micro-crack. For further
details on non-local formulation specific to plasticity
and damage see Bažant and Jirásek (2002) and refer-
ences therein. It is also of importance to note that the
existence of a micro-crack could intensify the stress
level of other neighboring micro-cracks or even func-
tion as a barrier to them. We also point out that regard-
ing surface/interface elasticity, the connection between
surface elasticity theory of Gurtin–Murdoch and non-
local elasticity is still an open question. Therefore it is
not yet clear whether or not the size effects that non-
local and surface/interface elasticity models try to cap-
ture are the same or in any way linked. For further
details see Cordero et al. (2015). Noting
– the above arguments clarifying the necessity of
enriching local continuum mechanics with non-
locality,
– the fact that the local damage across the interface
is not causing any problem and the non-locality of
the interface damage is along the interface,
– in principle, in this contribution, we derive an inter-
face damage model as a natural counterpart to the
bulk damage model,
the damage model is non-localized and the non-
localization is chosen to be integral-type.
The interface in this work is material indicating that
the motion of the interface is bound to its surrounding
bulk and thus the interface does not move indepen-
dently of the bulk. The two main ingredients of the
work presented here are (i) interface elasticity and (ii)
damage. A brief review of these topics is now given.
1.1 State-of-the-art review of interface elasticity
The influence of interfaces on the overall response of
materials is pronounced in small scale solids due to
the large area to bulk volume ratio. The same holds
for surfaces, and indeed the here considered (coher-
ent) interfaces shall be understood as two-sided sur-
faces. The widely adopted surface elasticity theory of
Gurtin and Murdoch (1975) and variants thereof such
as interface elasticity theory (Murdoch 1976) endow
the surface/interface with their own tensorial structures
(stress and strain). These tensorial structures arise from
an energetic structure and more generally a dissipative
structure attributed to the surface/interface. For fur-
ther details see for instance, Moeckel (1975), Daher
and Maugin (1986), dell’Isola and Romano (1987),
Cammarata (1997), Gurtin et al. (1998), Steigmann
and Ogden (1999), Fried and Todres (2005), Stein-
mann (2008), Levitas and Javanbakht (2010), Javili
and Steinmann (2010b), Cordero et al. (2015) and
references therein. McBride et al. (2011) presented
a non-linear continuum thermodynamics formulation
accounting for diffusion and viscoelasticity effects for
both bulk and energetic surfaces.
The effect of interface energetics, e.g. for inclusions,
and the size-dependent elastic state of the material has
been widely investigated recently for instance in Ben-
veniste andMiloh (2001), Sharma et al. (2003), Sharma
and Ganti (2004), Dingreville et al. (2005), Sharma
andWheeler (2007), Duan et al. (2005a, b), Benveniste
(2006), Duan andKarihaloo (2007), Duan et al. (2009),
Benveniste (2013), Huang and Sun (2007), Fischer and
Svoboda (2010), Yvonnet et al. (2011a), Davydov et al.
(2013) and references therein.
The finite element implementation of the lower-
dimensional elasticity theory has been realized in
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Javili and Steinmann (2009, 2010a) and further
extended to interfacemulti-physics in Javili et al. (2012,
2013b, 2014a). For a unifying review of different
approaches including surface, interface and curve ener-
gies see Javili et al. (2013c).
1.2 State-of-the-art review of continuum damage
The term “continuum damage mechanics (CDM)”
refers to any constitutive model using internal vari-
ables to characterize a material’s degradation, within
the continuum mechanics framework (de Souza Neto
et al. 1998) first proposed by Kachanov (1958).
Rabotnov (1963) provided a physical interpretation
of the damage variable. Chaboche (1981, 1984) pro-
posed an anisotropic damage model. Murakami and
Ohno (1981) used a symmetric second-order tensor to
describe the damage variable. Lemaitre (1984) pro-
posed to relate the damage variable to the reduced
Youngmodulus. Simoand Ju (1987) developed a strain-
and stress-based continuum damage model. Krajci-
novic and Fonseka (1981) used a vectorial represen-
tation of the damage variable. The first finite deforma-
tion continuum damage formulation was developed by
Simo and Ju (1987). Later de Souza Neto et al. (1994b)
provided a framework to model the Mullins effect. de
Souza Neto et al. (1994a), de Souza Neto and Perić
(1996), Steinmann et al. (1994) formulated an isotropic
elastoplastic damage model at large deformations.
The concept of non-locality was first introduced
by Eringen (1966) and was later applied to dam-
age (Cabot and Bažant 1987; Saanouni et al. 1989;
Saouridis and Mazars 1992). Bažant (1994) provided a
micro-mechanical explanation of non-local averaging.
Andrade et al. (2011, 2014) formulated an integral-type
non-local damage model at large deformations. Jirasek
(1998) explored different non-local formulations based
on the type of non-local variables. Boundary effects in
non-localmodelsmust be avoided (Pijaudier-Cabot and
Grégoire 2014) which is accomplished by normalizing
the weight function or using only the local material
response on the boundaries (see also, Krayani et al.
2009; Pijaudier-Cabot and Dufour 2010). For the finite
element framework, Pijaudier-Cabot andHuerta (1991)
derived the general form of the tangent stiffness matrix
for non-local isotropic damagemodels (see also, Askes
and Sluys 2000). The consistent derivation of the tan-
gent stiffness matrix including non-local contributions
was presented in Jirásek and Patzák (2002).
In the field of composite delamination many authors
e.g. Corigliano (1993), Allix and Corigliano (1996),
Allix et al. (1995), Ladevèze et al. (1998), Schellekens
and Borst (1993), Chaboche et al. (1997), Bolzon and
Corigliano (1997), Chen et al. (1999), Mi et al. (1998),
Alfano and Crisfield (2001) employed the continuum
damage mechanics approach to model the degradation
of non-coherent, cohesive interface elements. Cazes
et al. (2009), Ijaz et al. (2014) provided a formula-
tion for a non-local damage-type cohesive zone model.
Within a thermomechanical framework Özdemir et al.
(2010), Willam et al. (2004), Fagerström and Larsson
(2008), Fleischhauer et al. (2013) studied the effects
of degradation of the cohesive interface on thermal
properties. The coupling of an interface damage model
and friction is provided in (Alfano and Sacco 2006;
Chaboche et al. 1997; Lin et al. 2001; Parrinello et al.
2009; Raous 2011, among others) using cohesive zone
models.
1.3 Key objectives and contributions of this work
This contribution follows the work of Javili and Stein-
mann (2009, 2010a) by providing an extension to
include the effects of material degradation both on
the interface and in the bulk using continuum dam-
age mechanics. The focus of this work is on contin-
uum domains including geometrically coherent inter-
faces possessing their own energy. The coherent inter-
face assumes a hyperelastic response for its reversible
mechanical response. The material degradation in the
form of a gradual loss of stiffness occurs both on the
interface and in the bulk and is modeled by introduc-
ing isotropic damage variables on all the domains. To
avoid the pathological mesh dependency of local dam-
agemodels, integral-type non-local averaging is imple-
mented due to its numerical effectivity. In order to cal-
culate the non-local weighting coefficients on the inter-
face (in deed a two-dimensional curved manifold) the
concept of minimal geodesics of differential geometry
is used, which involves finding the shortest arc-length
of all the curves connecting two points on the inter-
face. The quantity to be non-localized in thiswork is the
equivalent distortionwhich is a scalarmeasure of tenso-
rial distortion entering the interface and bulkHelmholtz
energy. A computational investigation of the influence
of the inelastic (damaged) energetic interface on the
overall mechanical response of the solid is performed
to better understand the computational aspects of the
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model. For this purpose,we devised three cases (i. dam-
age in the bulk only, ii. on the interface only and iii. in
both the bulk and interface) and compared the results
with a fully elastic case. In this manuscript the term
equivalent distortion instead of the customary equiva-
lent strain is used but in principle furnishes the same
information. In summary, the key contributions of this
work are as follows:
– To review the governing equations of a body pos-
sessing an energetic coherent interface in a finite-
deformation setting, extend them to include con-
tinuum damage on the interface and to derive the
weak form of the local balance of forces.
– To present a thermodynamically consistent formu-
lation and derive the dissipation inequality on the
interface.
– To present the calculation of minimal geodesic
distance on general curved two-dimensional man-
ifolds embedded in three-dimensional Euclidean
space and particularize it to the interface geome-
try.
– To derive the consistent tangent stiffness matrices
in the bulk and on the interface.
– To provide a finite element algorithmic setup for
damage model.
– To illustrate the theory with the help of numerical
examples using the finite element method.
1.4 Organization of this manuscript
This manuscript is organized as follows. First the nota-
tion and certain key concepts are briefly introduced.
Section 2 summarizes the kinematics and the governing
balance equations of non-linear continuum mechanics.
A non-local continuum damage model in the bulk is
briefly presented in Sect. 3. A non-local continuum
damage model on the interface is derived in Sect. 4
based on the concept of effective stress and the hypoth-
esis of strain equivalence. An interface Helmholtz
energy and its arguments are introduced. Thermody-
namically consistent constitutive relations are deter-
mined.Anumerical framework that encompasses inter-
face elasticity and non-local damage both in the bulk
and on the interface is established in Sect. 5. The frame-
work includes the weak formulation of the govern-
ing equations, the corresponding finite element imple-
mentation and the derivation of the consistent stiffness
matrices. A series of numerical examples, based on
the finite element approximation of the weak form, is
presented in Sect. 6 to elucidate the theory. Section 7
concludes this work.
1.5 Notation and definitions
Direct notation is adopted throughout. Occasional use
is made of index notation, the summation conven-
tion for repeated indices being implied. The three-
dimensional Euclidean space is denoted E3. The scalar
product of two vectors a and b is denoted a · b =
[a]i [b]i . The scalar product of two second-order ten-
sors A and B is denoted A : B = [A]i j [B]i j . The
composition of two second-order tensors A and B,
denoted A · B, is a second-order tensor with compo-
nents [A · B]i j = [A]im[B]mj . The vector product of
two vectors a and b is denoted a × b with [a × b]k =
[ε]i jk[a]i [b] j where ε denotes the third-order permu-
tation (Levi-Civita) tensor. The non-standard product
of a fourth-order tensor C and a vector b is defined
by [b · C]ikl = [C]i jkl [b] j . The action of a second-
order tensor A on a vector a is given by [A · a]i =
[A]i j [a] j . The standard product of a fourth-order ten-
sor C and a second-order tensor A is defined by [C :
A]i j = [C]i jkl [A]kl . The dyadic product of two vec-
tors a and b is a second-order tensor D = a ⊗ b with
[D]i j = [a]i [b] j . Twonon-standard dyadic products of
two second-order tensors A and B are the fourth-order
tensors [A⊗B]i jkl = [A]ik[B] jl and [A⊗B]i jkl =
[A]il [B] jk . The average and jumpof a quantity {•} over
the interface are defined by {{•}} = 12 [{•}+ + {•}−]
and {•} = {•}+ − {•}− respectively. Table 1 gathers
a list of notations frequently used in this manuscript.
2 Problem definition
This section summarizes the kinematics of non-linear
continuummechanics includingmaterial coherent inter-
faces and introduces the notation adopted here. Further
details on the kinematics of deformable interfaces can
be found in Javili et al. (2013b).
Consider a continuum bodyB that takes the mater-
ial configuration B0 ⊂ E3 at time t = 0 and the spatial
configuration Bt at t > 0, as depicted in Fig. 2. The
bodyB is partitioned into two disjoint subdomains,B+0
and B−0 , by an interface I0, thus the bulk is defined by
B0:=B+0
⋃B−0 with reference placements of material
123
140 A. Esmaeili et al.
Table 1 List of important notations
Bulk Interface
F Material deformation gradient F Material deformation gradient
ϕ Deformation map ϕ Deformation map
X Material coordinates X Material coordinates
x Spatial coordinates x Spatial coordinates
N Material normal to boundary N Material normal to interface
n Spatial normal to boundary n Spatial normal to interface
P Piola stress P Piola stress
P0 Undamaged Piola stress P0 Undamaged Piola stress
Ψ Helmholtz energy Ψ Helmholtz energy
Ψ0 Undamaged Helmholtz energy Ψ 0 Undamaged Helmholtz energy
D Damage parameter D Damage parameter
Floc Local equivalent distortion F loc Local equivalent distortion
Fnloc Non-local equivalent distortion F nloc Non-local equivalent distortion
Fmax Maximum attained Fnloc Fmax Maximum attained F nloc
Only interface
ϕ± Deformation maps of ± sides x± Spatial coordinates of ± sides
ñ Spatial normal to interface boundary Ñ Material normal to interface boundary
Fig. 2 The bulk domain B0, the bulk subdomains B±0 and inter-
face I0 and the unit normals to the surface N , interface N and
boundary of the interface Ñ all defined in the material config-
uration. The bulk and interface deformation maps denoted as ϕ
and ϕ, respectively map the material configuration to the spatial
configuration at time t . The bulk domain Bt , the bulk subdo-
mains B±t and interface It and the unit normals to the surface
n, interface n and boundary of the interface ñ all defined in the
spatial configuration. The interface unit normal is pointing from
the negative side of the interface to the positive side. The bulk
and rank-deficient interface deformation gradients are F and F
respectively
particles labeled X . The two sides of the interface I0
are denoted I+0 :=∂B+0
⋂ I0 and I−:=∂B−0
⋂ I0. The
material particles on the interface are labeled X . The
outward unit normal to ∂B0 is denoted N . The outward
unit normal to the boundary of the interface ∂I0, tan-
gent to the interface I0 is denoted Ñ . The unit normal
to I0 is denoted N = N− whose direction is conven-
tionally taken to point from the negative side of the
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Table 2 Localized force and moment balances in the bulk and on the interface in the material configuration
Force balance DivP + Bp = 0 in B0 B̂p = P · N on ∂B0N
Div P + Bp + P · N = 0 on I0 B̃p = P · Ñ on ∂I0N
Moment balance P · Ft = F · P t in B0
P · Ft = F · P t on I0
The notation {•}p is to distinguish prescribed quantities. The notation {•}t is the transposition operator. Bp: force vector per unit
volume; B̂p: surface traction per unit area; Bp: force vector per unit area; B̃p: curve traction per unit length
interface to the positive side. The spatial counterparts
of the various unit normals are n, ñ and n, respectively.
The deformation maps of the bulk, and the negative
and positive sides of the interface are denoted ϕ, ϕ−
and ϕ+, respectively. The restriction of the motion ϕ to
the interface is defined by ϕ:={ϕ} . The current place-
ments of particles in the bulk and on the two sides of
the interface are denoted x and x∓ where spatial par-
ticles on the interface are designated as x:={x} . One
should note that ϕ+ = ϕ− and x+ = x− for coherent
interfaces.
The bulk and the rank-deficient interface deforma-
tion gradients are respectively defined by
F(X, t):=Gradϕ(X, t) and
F(X, t):=Gradϕ(X, t) , (1)
respectively, The interface gradient and divergence
operators are respectively defined by
Grad{•}:=Grad{•} · I and
Div{•}:=Grad{•} : I , (2)
with I :=I − N ⊗ N , where I and I denote the inter-
face and bulk unit tensors. Their spatial counterparts
are denoted i and i . Finally the bulk and interface Jaco-
bians are denoted by J :=detF > 0 and J :=det F > 0
respectively, with det{•} denoting the area determinant
(Steinmann 2008).
Equilibrium conditions in the bulk and on the inter-
face together with associated boundary conditions are
listed in Table 2 (see Javili et al. 2013b, c, for further
details). A detailed derivation of balance of forces on
the interface is given in section “Balance of forces on
interface” of “Appendix 1”. The interface Piola stress
tensor P is a superficial2 tensor field possessing the
2 The superficiality of the interface Piola stress tensor is a clas-
sical assumption of interface elasticity theory. Recently, Javili
et al. (2013a) have proven that this condition is the consequence
of a first-order continuum theory.
property P · N = 0. In the absence of Bp, the jump
of traction across the interface equates with the neg-
ative divergence of the interface stress tensor. There-
fore, the classical traction continuity across the inter-
face (P · N = 0) no longer holds. One should note
that P and P represent the general (nominal) stress
states in the bulk and on the interface. This matter will
be detailed in the upcoming sections.
3 Damage model in the bulk
In this section a brief review of a simple isotropic local
damage model for the bulk is given and the non-local
version of such a model is introduced. The introduced
damage model is standard and the details are omitted
by referring to the appropriate references.
To proceed, continuum damage is utilized result-
ing in a model that describes the macroscopic behav-
ior of degrading materials containing microcracks or
microvoids by introducing an internal variable denoted
by D. The damage variable maps the nominal (dam-
aged) stress tensor P onto the effective (undamaged)
stress tensor P0 according to
P0 = P[1 − D] , (3)
where [1 − D] is the reduction factor first introduced
by Kachanov (1958). It is important to mention that the
damage variable can also be understood as the ratio of
the damaged surface to the total surface at a material
point (Simo and Ju 1987).
To further develop the model, a damage criterion φ
depending on a scalar measure Floc and an internal vari-
able Fmax controlling the evolution of damage variable
D = D(Fmax) established (Simoand Ju1987;Holzapfel
2000). Such a function typically takes the form
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and Fmax(t) = max
s∈[0, t] {F0, Floc|s} , (4)
where Floc is the local equivalent distortion, Fmax(t) is the
maximum attained equivalent distortion in the history
of deformation, Y :=Ψ0(F) is the thermodynamic force
conjugate to the damage variable (Holzapfel 2000) and
E is the bulk Young’s modulus. One should note that
the equivalent distortion Floc is defined in a similar fash-
ion to that of Jirásek and Patzák (2002). This choice
for a geometrically linear one-dimensional problem
results in exactly the elastic strain when assuming that
the strain energy is Y := 12 Eε2 with ε denoting the
strain measure. The formulation presented in the cur-
rent work, therefore, boils down to its small strain ver-
sion in the limit of infinitesimal strain. Clearly, the
equivalent distortion (4)2 can be defined differently
without any loss of generality.
Next, the non-local damage model based on inte-
gral averaging is presented by applying non-locality
to the local equivalent distortion (Jirásek and Patzák











where ω, ω0 and r are the weight function, a non-
negative, monotonically decreasing function and a
measure of distance between source points xs and
receiver points xr respectively.
Finally the Kuhn-Tucker loading/unloading condi-
tions for the bulk damage model read (Simo and Ju
1987)
φ ≤ 0 , Ḟmax ≥ 0 , Ḟmaxφ = 0 , (6)
where Ḟmax ≥ 0 takes the role of the bulk damage con-
sistency parameter. The bulk non-local damage rela-
tions are gathered in Table 3.
4 Damage model on the interface
In this section a rate-independent isotropic local dam-
age model for large deformations on the interface is
presented. Furthermore a non-local interface damage
model is developed by modifying the local model in
terms of integral averaging along the interface. We
emphasize that an interface damage model is not avail-
able in the literature to the knowledge of the authors,
therefore more details compared to the damage model
in the bulk are given here.
Physically, the nucleation, growth and coalescence
of microcracks are the reasons for the degradation of
material properties. Considering continuum mechan-
ics, this process (initiation of microcracks, microvoids
and material degradation) can be modeled by introduc-
ing an internal variable denoted by D.
To proceed a Helmholtz energy is considered for














is the interface effective
(undamaged) Helmholtz energy, [1 − D] is the inter-
face reduction factor and H(κ) denotes a monoton-
ically increasing function depending on the internal
variable κ .
Remark 1 The integral term in Eq. (7) is introduced in
analogy with that of Simo and Hughes (1998, section
1.3.3) and is the energy storage in the material due to
the accumulation ofmicroscopic defects. These defects
cause changes in strain and stress level of the material
surrounding the defects. Thework done due to the pres-
ence of such defects is then added to the energy of the
system. The rate of this quantity provides the driving
force conjugate to the internal variable κ and is used to
motivate a damage condition. The introduction of this
term into the effective Helmholtz energy in Eq. (7) then
sets the stage to derive thermodynamically consistent
damage conditions and evolution laws.
Differentiating Eq. (7) with respect to time and partic-
ularizing the Clausius-Plank inequality one finds
Dint =
[




+ Ψ 0(F)Ḋ − H(κ)κ̇ ≥ 0 .
(8)
Therefore, the interface nominal Piola stress tensor P
and the reduced dissipation Dred are expressed as
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P = [1 − D] P0 with P0 = ∂Ψ 0(F)
∂F
, (9)
Dred = Y Ḋ − H(κ)κ̇ ≥ 0 with Y = −∂Ψ
∂D
, (10)
where the quantity Y = Ψ 0(F), driving the damage
evolution, is the thermodynamic force conjugate to the
interface damage variable D.




Y , H) = υ (Y )− H(κ) ≤ 0 , (11)
with υ being a monotonically increasing function. The
Kuhn-Tucker conditions then read
Υ
(
Y , H) ≤ 0 , λ∗ ≥ 0 , λ∗ Υ (Y , H) = 0 , (12)
with λ∗ being the consistency parameter. Now by





and assuming f to be a monotonically
increasing function with the property f (0) = 0, one
obtains
D = H(κ) = D ( f (κ)) = D(Fmax) with
f (κ(t)) = max
s∈[0, t]
{












Consequently, an alternative damage condition to






















where E is the interface Young’s modulus. The evolu-
tion of damage occurs when φ = 0which characterizes
the damage surface.
As the final step to complete the proposed model,
a non-local version of the model is presented next. A
loading function φ(F nloc, Fmax) and a scalar measure
of the deformation gradient, the non-local equivalent
distortion F nloc are now introduced as follows




ω(xr, xs)F loc(xs)dA ,
(15)
where ω(xr, xs), a given non-local weight function
depending on the geodesic distance r = ‖xr − xs‖I
between the source point xs and the receiver point xr
is defined by











if |r | ≤ R ,
0 if |r | ≥ R .
(16)
Remark 2 The extension of the non-local damage from
the three dimensional setting to lower dimensions is
only straightforwardwhen the lower-dimensionalman-
ifold is not curved. Nevertheless, the non-local damage
on a two-dimensional (curved) manifold embedded in
a three-dimensional Euclidean space involves the con-
cept of minimal geodesics from differential geometry
which is not common in the classical finite element
method (see Fig. 3) and requires a non-standard treat-
ment briefly addressed in section “Appendix 2”. For
simple cases of curved manifolds there exist closed
form solutions to finding the minimal geodesics.
(c)(b)(a)
Fig. 3 The difference between geodesic (red solid curves) and straight-line Euclidean distance (black dashed lines) on curved (a), (c)
and flat surfaces (b)
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Fig. 4 Stress versus
equivalent distortion
diagram with exponential
softening on the interface
(a) and in the bulk (b). The





denoted by F0 and Ff
respectively
The interface interaction radius is denoted by R.
Note that in Eq. (15)2, integral extends on the lower-
dimensionalmanifoldI0. Themaximumattained value
of F nloc in the deformation history is found using
Eq. (14).3 In Eq. (16)1, ω is scaled to account for the
boundary effects, where a non-negative and monoton-
ically decreasing (for r ≥ 0) piecewise polynomial
bell-shaped function ω0 is introduced.
Finally, a smooth function to relate the damage vari-
able D = D(Fmax) to the history variable Fmax with an










− Fmax − F0
F f − F0
)
if Fmax ≥ F0,
(17)
where F f affects the ductility of the response (see
Fig. 4). All the equations required by the non-local
damage model both in the bulk and on the interface
are listed in Table 3.
5 Computational framework
The purpose of this section is to establish a numerical
framework that encompasses elasticity combined with
3 Note that the same notation Fmax is used for both the local
and non-local versions. Nevertheless, they are clearly distin-
guished by their definition. The implementation of this contri-
bution focuses only on the non-local version. Clearly, the non-
local theory boils down to the local theory in the limit case of ω
being theDirac delta distribution. This can be achieved by setting
R = 0. The same discussion holds for the bulk as well.
non-local damage both in the bulk and on the interface.
Deriving theweak form and temporal and spatial (finite
element) discretizations will be presented next.
5.1 Weak form
Toderive themechanicalweak form, the localized force
balance equations in the bulk and on the interface given
in Table 2 are tested (from the left) with vector val-
ued test functions δϕ ∈ H 1(B0) and δϕ ∈ H 1(I0),
respectively. The result is then integrated over the
corresponding domains in the material configuration.
Using the bulk and interface divergence theorems (see
“Extended divergence theorem” section of “Appendix
1”) and the orthogonality properties of the interface
Piola stress measures, the weak form of the balance of
linear momentum is (Javili et al. 2012)
∫
B0







δϕ · BpdV −
∫
I0




δϕ · B̂pNdA −
∫
∂IN0
δϕ · B̃pNdL = 0 ,
∀δϕ ∈ H 1(B0) , ∀δϕ ∈ H 1(I0) with δϕ = {δϕ} |I0 .
A detailed derivation of the mechanical weak form is
presented in “Weak form of the balance of forces” sec-
tion “Appendix 1”.
Remark 3 The objectivity of the Helmholtz energy
guarantees the symmetry of Cauchy stress and thus
the balance of angular momentum. Therefore the weak
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Table 3 Non-local damage model relations for the bulk and the interface
Bulk Interface
Y = Ψ0(F) = − ∂Ψ
∂D





















if |r | ≤ R










if |r | ≤ R
0 if |r | ≥ R
ω(xr, xs) = ω0(r)∫
B0
ω0(r)dV



















− Fmax − F0
Ff − F0
)









− Fmax − F0
F f − F0
)
if Fmax ≥ F0
Fmax(t) = max




φ(Fnloc, Fmax) = Fnloc − Fmax ≤ 0 φ(F nloc, Fmax) = F nloc − Fmax ≤ 0
R: bulk interaction radius; R: interface interaction radius; F0: bulk critical distortion; F0: interface critical distortion; Ff: bulk ductility
response; F f: interface ductility response; E : bulk Young’s modulus; E : interface Young’s modulus
form is only derived from the balance of linear momen-
tum.
5.2 Finite element implementation
In order to apply the finite element method to the
present problem, the weak form Eq. (18) is discretized.
The discretization is carried out first in time using the
finite difference scheme and subsequently in space by
means of the finite element method. The finite element
procedure for the bulk is standard and on the inter-
face it mimics the methodology detailed in Javili et al.
(2014b).
The fully-discrete coupled non-linear systemof gov-
erning equations can be stated as follows
totR (d)
!= 0 with totR = R + R , (19)
where d is the unknown global vector of spatial coordi-
nates and total residual vector totR can be decomposed
into the contributions from the bulk and interface R
andR, respectively. To solve (19)1, aNewton–Raphson
scheme is utilized. The consistent linearization then
yields
totR (d) + ∂
totR
∂d
|kΔdk != 0 and dk+1 = dk + Δdk ,
(20)
where k is the iteration number. The corresponding total




with totK = K + K , (21)
which can be decomposed into contributions from the
bulk K and interface K.
5.2.1 Consistent (algorithmic) stiffness matrix
For a local damage model implementation, the consis-
tent stiffness sub-matrices can be defined by






Grad N I · A · Grad N JdV ,
(22)






Grad N I · A · Grad N JdA,
(23)
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P · GradN IdV −
∫
B0





P · Grad N IdA . (25)
For a non-local damage model however, the consis-
tent derivation of the bulk and the interface stiffness
matrix requires special treatments which is presented
next. The nodal interface4 tangent stiffness matrixKI J
is obtained by taking the derivative ∂R I /∂ϕ J . There-
fore it is necessary to evaluate first A as follows
A = ∂ P
∂F
= [1 − D]A0 − P0 ⊗ ∂D
∂F
. (26)
The first term on the right hand side of Eq. (26) results
in a local stiffnessmatrix also known as secant stiffness








1 − D]A0 and dAr = dA(xr).
To find the non-local contributions on the right hand
side of Eq. (26) to the global stiffnessmatrix, one needs
to obtain the derivative of the damage variable with







= D ′(F nloc)∂F nloc
∂F
, (28)
whereD ′ is the derivative ofD with respect to its argu-
ment and D ′ = 0 in the case of unloading. To find
∂F nloc/∂F, Eq. (15)2 is differentiated with respect to


















4 The derivation is only carried out for the interface tangent stiff-
ness matrix. Analogous derivations for the bulk are standard and
are omitted for the sake of conciseness.
where dAs = dA(xs). Having ∂D/∂F, the non-local























































where Asect = [1 − D]A0, dVr = dV (xr), dVs =
dV (xs) and D ′ = ∂D/∂Fnloc. It is important to notice
the double integrals in the second terms of Eqs. (31)
and (32). The reason for the presence of these terms
is the non-locality of the equivalent distortion where
indices I and J (in the non-local term) do not only
belong to the nodes of the same element. Instead now
index J can also belong to the nodes of all the elements
that fall into the influence zone of node I (see Fig. 5).
This introduces more nonzero elements in the stiffness
matrix, however, a quadratic convergence is guaranteed
due to its consistent derivation.
5.2.2 Numerical quadrature
Due to the nonstandard form of the stiffness inte-
grals, their Gauss-point representations are presented
as follows
123









Fig. 5 Non-local interactions between a pair of the interface
Gauss points p and q. The Gauss point p is the receiver of the
contributions of all the source points q located inside a circle
centered at the node p with the radius R. The nodes I and J
belong to two different elements in the stiffness assembly proce-
dure as opposed to the standard one where these nodes belong to
the same element. The degrees of freedom of the element con-
taining the receiver point p correspond to the rows of the global
stiffness matrix whereas the degrees of freedom of the element






w p J (x pr )Grad N I (x pr )








w p J (x pr )Grad N I (x pr ) · D ′(x pr )P0(x pr )












w p J (x pr )Grad N I (x pr )








w p J (x pr )Grad N I (x pr ) · D ′(x pr )P0(x pr )





· Grad N J (xqs )
]]
, (34)




and negp are the interface
Gaussian quadrature weights, the interface Jacobian
determinant and the number of Gauss points per inter-
face element, respectively. The bulk counterparts of the
above parameters are denoted by w, J = det [∂x/∂ξ]
and negp respectively. It is also important to define
the non-local equivalent distortion Eq. (15)2 at a given
quadrature point p, which reads for the interface
F nloc(x pr ) =
ngp∑
q=1
wqJ (xqs )ω(x pr , xqs )F loc(xqs ) with









m=1 wmJ (xms )ω0(x pr , xms )
, (35)
where ngp is the total number of interface Gauss points.
Similarly for the bulk, at a given Gauss point p the non-
local equivalent distortion is defined by
Fnloc(x pr ) =
ngp∑
q=1
wqJ (xqs )ω(x pr , xqs )Floc(xqs ) with









m=1 wmJ (xms )ω0(x pr , xms )
, (36)
where ngp is the total number of bulk Gauss points.
Note that the sums in Eqs. (35) and (36) do not need to
be taken over all the Gauss points, but only over those
that are located inside the spheres of radii R and R cen-
tered at Gauss point p (receiver). In order to efficiently
calculate the non-local weights ω(x pr , x
q
s ) for every
Gauss point p the following steps are necessary
– find all Gauss points xqs satisfying ‖x pr − xqs ‖ < R.
Then,
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– evaluate ω(x pr , x
q
s ) = wqJ (xqs )ω0(‖x pr − xqs ‖),
– compute the sum S p =∑ngpq=1 ω(x pr , xqs ),
– ω(x pr , x
q






– store the indices of all Gauss points q associated
with the Gauss point p for the assembly.
All of the above steps must be taken once, before the
increment loop begins. To find the non-local equiv-










s ) noting that the factor
wqJ (xqs ) is already included in ω(x pr , xqs ). The simi-
lar set of steps are taken as well for the bulk’s non-local
weights ω(x pr , x
q
s ).
5.2.3 Assembly of stiffness matrix
Some remarks seem necessary when the assembly of
the stiffnessmatrix with non-local contributions is con-
cerned (Jirásek and Patzák 2002). Every pair of Gauss
points contributes a small block to the global stiffness
matrix with rows corresponding to degrees of freedom
of the element containing the point x pr and columns to
the degrees of freedom of the element containing the
point xqs . Therefore the size of this sub-matrix and the
corresponding element stiffness matrix are exactly the
same as that of the standard nodal and element stiffness
matrices. However, the assembly of this block differs in
that the global degrees of freedom associated with the
rows and columns are not necessarily the same. Every
nodal stiffness sub-matrix could be calculated from
the pair of nodes that belong to different elements as
opposed to the pair of nodes in standard finite element
whose elements are the same. The effect of the non-
locality on the structure of the global stiffness matrix
is an increased bandwidth and its non-symmetry.
5.2.4 Algorithmic setup for damage model
Due to the path-dependence of the damage model, the
stress tensor is the solution of a constitutive initial value
problem meaning that the stress tensor is not only a
function of the instantaneous value of the deformation
gradient but also depends on the history of deformation.
Therefore an appropriate numerical algorithm for inte-
gration of the rate constitutive equations is a require-
ment in the finite element simulation of suchmodels (de
Souza Neto et al. 2011). An example of the integration
algorithm is given in Algorithm 2.
In case the damage variable evolves, i.e. step 4 of
Algorithm 2, Eq. (17) (or its bulk counterpart) is used
to calculate the new value of the damage variable. Once
more it is noted that integration Algorithm 2 is written
for the interface variables, however, the same algorithm
can easily be used for the integration of the bulk’s rate
variables.
Finally, due to the non-linearity of the constitutive
equations, the Newton–Raphson iterative method is
used. Algorithm 3 represents this method incorporat-
ing Algorithm 2. Algorithm 3 then can be used inside
the incremental loop for every load or displacement
increment until the final increment nincr is reached.
The incremental non-linear finite element method is
depicted in Algorithm 1.
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6 Numerical examples
The objective of this section is to study the role of an
interface (obeying elasticity coupled to non-local dam-
age) on the overall response of the body and to elucidate
the theory presented in the previous sections. Three dif-
ferent scenarios are considered and compared to pro-
vide a better insight into the proposed model. Also, the
effect of the interaction radius on the shape of the dam-
age zone is studied. Unless otherwise stated, the value
of the bulk and interface interactive radii R and R for
all the three cases are 0.015 and 0.03 mm, respectively.
It is important to point out that the solution procedure is
robust and shows the asymptotic quadratic rate of con-
vergence associatedwith theNewton–Raphson scheme
as expected from the consistently derived (algorith-
mic) stiffness matrices (see “Appendix 3” for further
details). The material behavior in the bulk and on the
interface is characterized by hyperelastic Helmholtz
energy functions. Table 4 gathers the effective (undam-
aged) Helmholtz energy functions together with their
corresponding derivatives both in the bulk and on the
interface (Javili et al. 2013c). The corresponding mate-
rial parameters for the bulk and interface are given in
Table 5. We point out here again that the objectivity
of the energies in Table 4 guarantees the symmetry of
Cauchy stress and thus a priori satisfies the balance of
angular momentum. Moreover, sometimes it is useful
to decouple interface deformation into volumetric and
isochoric part. The decoupled form of the stress and
elasticity tensor are given in “Decoupled form of stress
and elasticity tensor” section “Appendix 1”.
Remark 4 Fundamental reasoning, atomisticmodeling
and the Cauchy-Born hypothesis can be employed to
construct the interface energy (Fischer et al. 2008;
Haiss 2001; Park and Klein 2007). In addition, the
surface elastic properties are obtainable utilizing semi-
analyticmethods (Dingreville et al. 2005), ab-initio cal-
culations (Yvonnet et al. 2011b) or atomistic simulation
(Davydov et al. 2013). It is also shown by Chatzigeor-
giou et al. (2013) that an elastic interface model can be
captured by that of an asymptotically zero-thickness
bulk. Moreover, the material properties of the interface
are independent of the bulk.
Consider the three-dimensional strip shown inFig. 6.
The strip is partitioned into two homogeneous domains
by an interface. The width and the thickness of the
strip are kept constant. A displacement of 0.002 mm
is prescribed on the two opposite sides, resulting in a
constant global loading of the strip. Due to the local-
ized deformations in the damage zones, the resultant
deformations are large and require a finite deformation
setting. The prescribed displacement is applied in 160
equal steps. The strip is discretized using 10000 tri-
linear hexahedral elements. For an interactive radius of
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λ ln2 J + 1
2
μ [F : F − 3 − 2 ln J ] Ψ 0(F) = 1
2




F : F − 2 − 2 ln J ]





F−t ⊗ F−t + ln J D]+ μ [I − D] A0 = λ
[




= −F−t⊗ F−1 D = ∂F
−t
∂F
= −F−t⊗F−1 + [i − i]⊗ F−1 · F−t
I = ∂F
∂F
= i ⊗ I I = ∂F
∂F
= i ⊗ I
Table 5 Material properties of the numerical examples
Bulk Interface
Lamé constant μ 80193.8 N/mm2 μ 2 × 80193.8 N/mm
Lamé constant λ 110743.5 N/mm2 λ 2 × 110743.5 N/mm
Limit elastic strain F0 0.003 F0 0.0001
Softening parameter Ff 0.1 F f 0.1
Interaction radius R 0.015 mm R 0.03 mm
E = μ[3λ + 2μ]
μ + λ 206.9 N/mm
2 E = 4μ
[
λ + μ]

















Fig. 6 Stripwith curved interface: geometry (a) and applied boundary conditions togetherwith the finite element grid (b). Themaximum
stretch is dpmax = 0.004 mm. Dimensions are in mm. The thickness is 0.05
0.010, theminimumandmaximumnumber of elements
within the sphere of non-local influence are 3 and 12.
For an interactive radius of 0.015, these numbers are
6 and 27, respectively. This increase in the number of
influenced elements by the non-locality consequently
amplifies the computational efforts. A detailed discus-
sion on thismatter is given in “Appendix 3”. It is impor-
tant to point out the values chosen for the bulk and the
interface interactive radius R and R are here purely
numerical. However, we emphasize that these values
could be different for the bulk and interface due to the
differences in their material structures and scales. Fur-
thermore, identifying the characteristic length scale and
relating it to the non-local length scale is still an open
discussion (Cordero et al. 2015) and requires extensive
experimental tests. For further details see Bažant and
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(a) (b) (c) (d)
(e) (f) (g) (h)
(i) (j) (k) (l)
(m) (n) (o) (p)
Fig. 7 Bulk stress distributions of the undamaged state of the
material and three scenarios forμ/μ = λ/λ = 2mm.The results
a–d correspond to 25, 55, 75, and 100% of the final deforma-
tion dpmax for the undamaged state of the material, respectively.
The results e–h correspond to 25, 55, 75, and 100% of the final
deformation dpmax for damaged bulk (case one), respectively. The
results i–l correspond to 25, 55, 75, and 100% of the final defor-
mation dpmax for damaged interface (case two), respectively. The
results m–p correspond to 25, 55, 75, and 100% of the final
deformation dpmax for damaged bulk and interface (case three),
respectively. The stress depicted is the xx-component of the Piola
stress tensor
Jirásek (2002), Carmeliet (1999), Mazars et al. (1990),
Bažant and Cabot (1989).
In the first example we study the mechanical
response for damage evolution in the bulk only, in the
presence of the interface. The evolution of the stress
field is illustrated in Fig. 7e–h. Clearly the stress con-
centration occurs at points with the highest amount of
deformation: adjacent to the portion of the interface
with maximum curvature and closest to the boundary
on which the displacement is prescribed (see Fig. 7a–
d). With increasing load, and the onset of damage, the
stress concentration zonesmovewith the tip of the dam-
age zone, towards the domain boundary (see Fig. 7f, g).
From this point on, the deformation is only localized
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(a) (b) (c) (d)
(h)(g)(f)(e)
Fig. 8 Bulk damage evolutions of two scenarios for μ/μ =
λ/λ = 2 mm. The results a–d correspond to the bulk damage
evolution at 25, 55, 75, and 100% of the final deformation dpmax
for damaged bulk (case one), respectively. The results e–h cor-
respond to the bulk damage evolution at 25, 55, 75, and 100% of
the final deformation dpmax for damaged bulk and interface (case
three), respectively
in the two parallel damage zones, and therefore trans-
mitting lower levels of stress (see Fig. 7h).
The evolution of the damage variable for this case
is illustrated in Fig. 8a–d. Note that the damage zone
follows closely the interface at first and then, approxi-
mately in the middle of the domain, diverges from the
interface.
The shape of damage zone strongly depends not
only on the interface shape but also on the interac-
tive radius. To study such a dependency an example
is devised with a smaller value of the bulk interactive
radius R = 0.01 mm (unlike all the other examples
which have R = 0.015 mm). The results in Fig. 9a–d
are obtained for the first scenario, with R = 0.01 mm
which causes less smooth localization of deformation
and that in turn alters the path of the damage propaga-
tion. It is also of interest to note that, unlike the damage
zones with larger interactive radius, here, the damage
zones converge towards the interface.
The second example studies the damage evolution
on the interface only and its effects on the overall
mechanical response of the body. Figures 7i–l and
10e–h illustrate the stress and damage distribution for
this case respectively. The most obvious observation
regarding the stress distribution in the bulk, compared
to case one, is how the stress concentration is nowbeing
shifted up- and downwards along the interface while
losing its intensity. In addition, the reason for the non-
uniform distribution of stress in the bulk is the presence
of the energetic interface. Therefore, the more damage
the interface develops, the less such a presence is felt in
the bulk and themore uniformly the stress is distributed
in the domain. This can easily be seen by comparing
Fig. 7d, l, and noticing the difference between the min-
imum and maximum values of stresses: the smaller the
difference, the less non-uniform the stress distribution.
Furthermore, the onset of damage occurs in the mid-
dle of the interface and then propagates symmetrically
along the interface (Fig. 10e–h) due to the fact that
the elements in the middle of the interface undergo the
highest level of deformation.
The last case introduces damage both in the bulk and
on the interface. The evolution of stress and damage in
the bulk are depicted in Figs. 7m–p and 8e–h. Before
the onset of damage in the bulk, the stress distributions
in the bulk for case two and three are the same (see
Fig. 7i, m for example). However, after the onset of
bulk damage, a similar mechanical response to that of
case one is observed (see Fig. 7g, o). By increasing the
loading, interface damage influences the shape of the
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D DD D
(a) (b) (c) (d)
Fig. 9 The effect of smaller interactive radius R = 0.01 mm
on the bulk damage evolution with μ/μ = λ/λ = 2 mm. The
results a–d correspond to the bulk damage evolution at 25, 55,




(a) (b) (c) (d)
(e) (f) (g) (h)
Fig. 10 Interface damage evolutions of two scenarios forμ/μ =
λ/λ = 2 mm. The results a–d correspond to the interface dam-
age evolution at 25, 55, 75, and 100% of the final deformation
dpmax for damaged bulk and interface (case three), respectively.
The results e–h correspond to the interface damage evolution at
25, 55, 75, and 100% of the final deformation dpmax for damaged
interface (case two), respectively
damage zone in the bulk (see Fig. 8c, g) and produces a
delay in the onset of damage compared to case one (see
Fig. 8b, f). Furthermore, here not only the two damage
zones do not diverge from the interface (as in case one,
Fig. 8d), they intersect precisely in the middle of the
interface, where the interface is damaged the most (see
Fig. 8h).
It needs to be emphasized that the delay in the onset
of the bulk damage in case three stems from the dam-
aged status of the interface. As mentioned before a
domain with damaged interface has a more uniform
stress distribution and lower stress level which suggest
more uniform and smaller local deformations. In other
words, bulk elements adjacent to the damaged interface
are more relaxed (less deformed) and therefore cause
the delay in the onset of the damage.
A comparison of the stress distribution of all the
cases at 100% of the prescribed deformation (see
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(a) (b) (c) (d)
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Fig. 11 Interface stress distributions of three scenarios for
μ/μ = λ/λ = 2 mm. The results a–d correspond to 25, 55,
75, and 100% of the final deformation dpmax for damaged bulk
and interface (case three), respectively. The results e–h corre-
spond to 25, 55, 75, and 100% of the final deformation dpmax for
damaged interface (case two), respectively. The stress depicted
is the yy-component of the interface Piola stress tensor
Fig. 7h, l, p) with that of the undamaged material (see
Fig. 7d) reveals an overall drop in stress. This drop
in case one, two and three is about 50, 20 and 57%.
Expectantly the highest drop is associated with case
three where both the bulk and interface are damaged.
One can also compare the drop in stress levels of case
one and three to study the influence of interface dam-
age on the overall response of the body. The interface
damage in case three causes about 14% drop in the
overall stress with respect to case one.
The interface stress distributionof case twoand three
are depicted in Fig. 11a–d and e–h respectively. Up to
and including 55% of the applied loading, both cases
have identical results. However, the discrepancy begins
with the initiation of the bulk damage in case three
resulting in a lower stress level on the interface (see
Fig. 11c and g). Such a lower level is achieved in spite of
a smaller damage variable of the interface in case three
than the one in case two (compare Fig. 10c and g). The
reason for this behavior is the damaged neighboring
bulk elements transmitting less stress to the interface
elements, resulting in the more relaxed interface.
The stress evolution of two nodes, one in the bulk
and one on the interface (see Fig. 6b) are illustrated
in Fig. 12a and b5 respectively. One can observe the
reduction in the stress for case one (only bulk dam-
aged) and three (both bulk and interface damaged)mea-
sured at the interface (-on-interfaceNode) and bulk (-
on-bulkNode) node from the onset of damage on, rep-
resenting the decay of the stiffness of the material (see
Fig. 12a). Furthermore for case two (only interface
damaged) clearly no softening in the bulk is seen.
The interface stress evolutions of all the cases mea-
sured at the interface node, exhibit more distinct behav-
ior (see Fig. 12b). When damage exists only in the bulk
(case one), the interface stress reduction is the direct
result of stress reduction in the bulk. For the second
5 A remark on the legends of the graphs is necessary. The leg-
ends “case1”, “case2” and “case3” represent the locations where
damage initiates and evolves, which are in the bulk, on the inter-
face and in both the bulk and interface respectively. The “-on-
interfaceNode” and “on-bulkNode” part of all the legends stand
for the location of the nodes onwhich themeasurements are done
to draw the graphs (see Fig. 6). The “-on-interfaceNodeb” means
a bulk quantity is measured at the interface node.
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Fig. 12 Bulk (a) and interface (b) Piola stress evolutions of
all the three scenarios; case one: only bulk damaged, case two:
only interface damaged and case three: both bulk and inter-
face damaged, measured at two nodes: one in the bulk (on-
bulkNode) and one on the interface (on-interfaceNode) with






Fig. 13 Bulk (a) and interface (b) damage variable evolutions
of all the applicable scenarios; case one: only bulk damaged,
case two: only interface damaged and case three: both bulk
and interface damaged, measured at two nodes: one in the bulk
(on-bulkNode) and one on the interface (on-interfaceNode) with
μ/μ = λ/λ = 2 mm
case (interface damaged), one can observe a very grad-
ual decrease of stress, due to a gradual increase of inter-
face damage under increasing loading. In case three
(both bulk and interface damaged), since the onset of
interface damage is faster than that of the bulk, a similar
stress behavior to that of case two (interface damaged)
is observed. However, with the onset of the damage in
the bulk (around step 100) a similar response to that of
case one (bulk damaged) is seen.
The evolution of the damage variable D and the non-
local equivalent distortion Fnloc in the bulk are gradual
and constantly increasing (black curves in Figs. 13a,
14a).However, for the evolution of the sameparameters
measured at the interface node a more dramatic change
specially at higher levels of loading is observed for case
three (red curves inFigs. 13a, 14bwhich is in agreement
with the fact that two damage zones intersect at this
location increasing the local deformation and damage.
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Fig. 14 Only bulk (a) and both interface and bulk (b) equiva-
lent deformation distortion of all the applicable case scenarios;
case one: only bulk damaged, case two: only interface damaged
and case three: both bulk and interface damaged, measured at
two nodes: one in the bulk (on-bulkNode) and one on the inter-
face (on-interfaceNode) with μ/μ = λ/λ = 2 mm . In b, the
graphs of case1 and case3 with the measurement location of on-
interfaceNodeb are drawn for a bulk quantity measured at the
interface node
Additionally one can observe in Fig. 14a that although
the prescribed displacement is only 0.4%of the domain
length in the direction of applied displacement (1 mm),
locally a deformation as high as 14% is achievedwhich
is why a finite deformation formulation is needed and
implemented.
Finally the black curves in Fig. 14b, the evolutions
of the interface equivalent distortion for case two and
three, reveal an important mechanical behavior. When
only the interface is damaged, a gradual increase in
equivalent distortion is observedwhich in turn results in
the gradual increase of the damage variable (see dotted
curve in Fig. 13b). This gradual increase is not obtained
for case three (see solid curve in Fig. 13b) since around
step 100 with the onset of bulk damage, the evolution
of the interface damage is discontinued. This behavior
persists up until approximately step 150. This interval
(step 100–150) corresponds to the unloading-reloading
segment of the solid black curve in Fig. 14b. However,
for the last 10 steps with the non-local equivalent dis-
tortion continuously reaching new maximum values,
the interface damage variable continues to evolve.
7 Summary and conclusion
A three-dimensional finite element framework for con-
tinua containing elastic coherent interfaces subject to
damage is presented. The interface is endowed with
its own mechanically energetic structure. A class of
integral-type non-local isotropic damage models is
employed and coupled with the current framework
and implemented for both the bulk and the interface.
The non-locality is applied to the equivalent distortion.
The corresponding weak forms of the balance equation
including the contributions from the interface are given.
The balance equations are fully discretized using the
finite element method. A material model for the inter-
face Helmholtz energy is then introduced. The exact
consistent stiffness matrix in the bulk and on the inter-
face is derived taking the non-local damage contribu-
tions into consideration. The non-locality affects the
symmetry and bandwidth of the stiffness matrix. To
minimize the number of nonzero elements in the stiff-
ness matrix a bell-shaped weighting function is used
to calculate the weighting coefficients needed to non-
localize the local equivalent distortion. To account for
the boundary effects typical for non-local damagemod-
els, the weight functions are normalized. In addition
these weight functions (for the bulk and interface) are
computed on the undeformed configuration for reasons
of objectivity.
A series of three-dimensional numerical examples
serves to elucidate the role of interface elasticity on the
overall response of the body (with and without dam-
age). It is shown that interface elasticity alone influ-
ences the shape of the damage zone in the bulk by
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(a) (b) (c) (d)
Fig. 15 a A loading ”normal” to the interface causing open-
ing across the interface modeled by cohesive zone approach; b
a loading ”parallel” to the interface causing no opening across
the interface yet deforming the interface in its tangential plane,
neglecting interface damage, modeled by interface elasticity the-
ory; c a loading ”parallel” to the interface causing no opening
across the interface yet deforming the interface in its tangential
plane, accounting for interface damage, modeled by interface
elasticity theory together with continuum damage (current con-
tribution); d loadings ”parallel” and ”normal” to the interface
causing both opening across and in-plane deformation of the
interface, accounting for interface damage, modeled by inter-
face elasticity theory together with cohesive zone and continuum
damage (the future work). The different color of the interface
represents different interface material properties as compared to
those of the bulk
causing a nonuniform distribution of the deformations
throughout the domain. In the case only the interface
is damaged, which is the case in many practical appli-
cations due to the fact that interfaces are usually the
weakest part and prone to stress concentration, a more
uniform mechanical response is observed in the bulk
with the evolution of interface damage. Furthermore,
in the most general case that both the interface and bulk
are damaged, the damage of one domain could delay
the onset and influence the evolution of the damage in
the other one. It is also shown that changing the inter-
active radius results in a different shape and path of the
damage zone and therefore care needs to be takenwhen
choosing the interactive radius.
The current contribution extends the classical inter-
face elasticity theory Fig. 15b to account for in-plane
degradation of the interface Fig. 15c. This frame-
work is limited only to coherent interfaces. The fur-
ther extension of this work to non-coherent interfaces
shall be elaborated in a future contribution in which
a traction-separation law similar to that of the cohe-
sive zone model Fig. 15a is assumed to relate the
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interface traction to the displacement jump across the
interface Fig. 15d. In addition, it is straightforward to
employ more sophisticated damage mechanisms such
as anisotropic damage models. The treatment of non-
local quantities in the vicinity of the boundary also
requires some modifications according to the works
of Krayani et al. (2009), Pijaudier-Cabot and Dufour
(2010). A study is also necessary on the interactive
radius, a parameter that is usually determined by exper-
iments. Moreover an investigation of the influences of
the bulk and interface inelasticity on the thermome-
chanical responses of the body is of great importance.
These extensions shall be discussed in later contribu-
tions.
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Appendix 1: Some mathematical relations and
derivations
In this section we present the derivation of the bal-
ance of forces on the interface and the corresponding
weak form. Subsequently, the decoupled form of the
interface energy, Piola stress and elasticity tensor are
provided. Some useful identities and relations used in
the derivations are also given without proof.
Extended divergence theorem
The extended forms of divergence theorem in themate-
rial configuration for a bulk tensor field {•} and a ten-






{•} · NdA −
∫
I0











{•} · ÑdL −
∫
I0
C {•} · NdA , (38)
where the curvature of the interface is denoted by C .
Note that ∂IN0 is the portion of the interface bound-
ary that intersects with the bulk’s boundary, thus ∂I0 \
∂IN0 ∩ ∂B0 = ∅.
Balance of forces on interface
The global form of the balance of forces both in the
bulk and on the interface is given as (see, Javili and
Steinmann 2010b, for further details concerning ther-
















P · NdA +
∫
∂I0\∂IN0
P · ÑdL = 0.
(39)
Taking the limit B0 → ∅, and consequently ∂B0 = I0,
with N = N on I+0 , N = −N on I−0 , ∂IN0 = ∅,
∂BN0 = ∅, and taking into account the extended forms
of the divergence theorem (37) and (38), one obtains
the local balance of forces on the interface as
∫
∂I0
P · ÑdL +
∫
I0







Div P + P · N + BpdA = 0 . (40)
From arbitrariness of B0 and thus I0, the balance of
force on the interface listed in Table 2 then follows. In
the case that the interface is not energetic i.e. P = 0,
and in the absence of interface body force (Bp = 0),
the classical traction continuity condition is recovered.
Weak form of the balance of forces
The localized balance equations in the bulk and on the
interface, given in Table 2 are tested from the left with








δϕ · [ Div P + Bp + P · N ]dA = 0,
(41)
which can be alternatively written as
∫
B0








δϕ · Bp + δϕ · [ P · N ]dA = 0 , (42)
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and using the extended forms of divergence theorem
(37) and (38), for various parts of the body results in
∫
B0
P : GradδϕdV −
∫
∂BN0











P : GradδϕdA −
∫
∂IN0




δϕ · Bp + δϕ · [ P · N ]dA = 0. (43)
On the Neumann boundaries of the bulk and interface,
P · N = B̂pN and P · Ñ = B̃pN, respectively. Noting
δϕ · P = δϕ · { P} + {δϕ} · P, δϕ = 0, for
coherent interfaces, and {δϕ} = δϕ, Eq. (43) simplifies
to the weak form Eq. (18).
Decoupled form of stress and elasticity tensor
It is sometimes useful to decouple the bulk deformation
into the volumetric and isochoric part. In analogy, the
volumetric6 and isochoric part of the interface defor-
mation read
F = FvolF iso with Fvol = J 1/2 I
and F iso = J−1/2F . (44)




) = Ψ (F iso, Fvol) . (45)














P = P iso + P vol ,
(46)
with






























6 The term “volumetric” has a different meaning on the inter-
face. As opposed to a volumetric deformation in the bulk, which
changes the volume uniformly, a volumetric interface deforma-
tion changes the area uniformly.










































































































Appendix 2: Differential geometry of two-
dimensional manifolds embedded in three-
dimensional space
In this section we briefly review some common termi-
nologies in differential geometry of two-dimensional
manifolds frequently used in this work to represent
the interface elasticity theory. Finding the shortest dis-
tance (minimal geodesic) on a curved two-dimensional
manifold (interface) embedded in a three-dimensional
Euclidean space is presented subsequently, which is
employed in the calculation of the non-local coeffi-
cients on the interface.
A parametric interface I in E3 (three-dimensional
embedding Euclidean space) is a map I : I → E3
(with I ∈ E2) such that its differential has rank 2 at
all points ηα ∈ I with α = 1 , 2. The interface can be
defined by a parametric equation x : I → E3 as x =
x(ηα), where x is a vector-valued function of the scalar-
valued parameters ηα . The tangent space to x at ηα is
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(a) (b)
Fig. 16 Illustration of the Cartesian basis E and an arbitrary
basisA (a), and a cylindrical interface with its minimal geodesic
(helix) along with the polar coordinate system (b). The red por-
tion of the helix on the cylinder is the shortest arc-length of all
the curves connecting the point xr and xs. In (a), the a1 and a2
in A are not necessarily orthogonal to each other, whereas the
Cartesian coordinate system E is composed of three orthogonal
axes. In (b), every point on the surface of the cylinder is charac-
terized by the coordinates ρ the radius, θ the sweeping angle and
z the height
the linear map Dx(ηα) : E2 → E3 denoted by TI
where Dx(ηα) is the differential of the interface. The
tangent vectors aα ∈ TI , i.e. the covariant interface
basis vectors (see Fig. 16a) are then given by aα =
∂ηα x(ηα).
The corresponding contravariant (dual) interface
basis vectors aα are related to the covariant inter-
face basis vectors by means of the co- and contravari-
ant interface metric coefficients aαβ (first fundamental
form for the interface) and aαβ , respectively, as
aα = aαβaβ and aα = aαβaβ where
aαβ = aα · aβ and aαβ = aα · aβ . (53)
Note that the two metrics are inverse to each other,
i.e. [aαβ ] = [aαβ ]−1. The contra- and covariant base
vectors a3 and a3, normal to TI , are defined by
a3:=a1 × a2 and a3:=[a33]−1a3 , (54)
such that a3 · a3 = 1. Correspondingly the unit normal
to the interface, parallel to a3 and a3, can be calcu-
lated as n = a3/|a3| = a3/|a3|. The interface identity
tensor is defined as i :=i − a3 ⊗ a3 = i − n ⊗ n,
where i denotes the ordinary mixed-variant unit tensor
of the embedding Euclidean space. The interface gradi-
ent, divergence and determinant operators in a general
curvilinear coordinate are defined as
grad {•} :=∂ {•}
∂ηα
⊗ aα, div {•} :=∂ {•}
∂ηα
· aα and
det {•} := [{•} · a1] × [{•} · a2]|a1 × a2| . (55)
Having obtained the normal to the interface, co- and
contravariant basis vectors, the interface curvature ten-
sor k, second-order superficial deformation gradient
tensor F and its inverse f are defined, respectively, as
k:= − gradn, F:=Gradx = aα ⊗ Aα and
f :=gradX = Aα ⊗ aα . (56)
Note that due to the superficiality (rank deficiency) of
the interface deformation gradient F, its inverse f must
be computed using Eq. (56)3.
The geodesics are the general form of straight lines
when applied to curved, three-dimensional interfaces.
The minimal geodesics in differential geometry are the
shortest distance paths between two points on an inter-
face. Clearly, minimal geodesics on the interfaces are
curves of minimum arc-lengths. To find the minimal
geodesics, first we introduce the parameter t on which
the interface parameters ηα are dependent. The arc-
length of the curve connecting any two points xr(t1)
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Table 6 L2 norm of the residual for three scenarios: bulk and interface damaged, only bulk damaged and only interface damaged
Increment Iteration
Bulk and interface damaged
1 1.731 5.211e−07
26 1.730 1.633e−02 3.949e−04 2.403e−07
28 1.730 4.195e−02 5.060e−02 8.803e−03 2.187e−05 8.620e−09
99 1.725 1.919e−02 2.322e−02 7.821e−03 6.502e−04 1.385e−05 2.211e−10
160 1.728 1.973e−02 3.264e−03 4.239e−04 3.243e−05 3.385e−10
Only bulk damaged
1 4.900 2.088e−06 2.987e−10
41 4.886 2.152e−02 1.627e−02 1.331e−03 8.096e−05 9.492e−10
89 4.867 1.669e−02 2.073e−03 8.317e−05 2.649e−06 2.641e−10
134 4.894 1.053e−03 1.781e−05 3.111e−06 3.130e−10
160 4.896 5.573e−04 5.437e−06 3.633e−10
Only interface damaged
1 4.900 2.088e−06 2.988e−10
14 4.894 4.816e−02 1.142e−01 1.339e−02 1.982e−03 4.944e−07 3.949e−10
41 4.883 1.147e−02 8.661e−06 1.629e−09
99 4.856 4.268e−03 8.176e−07
160 4.829 1.146e−04 7.868e−10
where the integrand is the infinitesimal line element.
Next, to find the shortest arc-length of the curves con-
necting the two points (minimal geodesic), the func-
tional I is minimized. In doing so, the integrand in Eq.
(57) (theLagrangian), denoted by L(ηα(t), η̇α(t))must







= 0 , (58)
where ˙{•} signifies a differentiation with respect to the
parameter t .
Convergence behavior and run-time analysis
In this sectionwe present some data on the convergence
behavior and run-time of the computational problem at
hand. Firstly, the L2 norms of the residual of few incre-
ments for all the three examples discussed in Sect. 6
are given in Table 6. As mentioned before, due to the
consistent linearization, the asymptotic quadratic rate
of convergence associated with the Newton–Raphson
scheme is achieved. Secondly, to study how the inter-
active radius would change the memory consumption
and run-time,we only allow the damage initiation in the
bulk, increase both number of elements7 and interac-
tive radius R andmeasure the run-time for one iteration
per increment. These measurements are carried out on
a machine with the following specifications:
– processors: Intel Core i7-4770 CPU 3.40GHz × 8,
– memory: 15.6GB,
– OS type: 64-bit.
The run-time measurements per iteration together with
the memory usage for a serial and parallel code are
given in Table 7. The parallel implementation is carried
out using the MPI library. Note that the total run-time
for a mesh size of 100× 100× 1 with R = 0.01 mm is
approximately 39.3 h.Aparallel implementation, using
4 processors, results in a speed-up of 3.5 and conse-
quently a run-time of 7.75 h. As indicated by the pre-
sented data in Table 7, increasing the interactive radius
R causes a substantial increase in the run-time. The
main source of the time consumption, as expected, is in
the stiffness assembly since firstly the non-localization
is integral-type and secondly the linearization is con-
sistent (introducing the double integrals in the stiffness
7 In Table 7, 10 × 10 × 1 for instance indicates 10 elements in
x , y and 1 element in z direction.
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Table 7 Serial- and parallel-code run-time measurements per
iteration togetherwith thememory consumption for variousmesh
sizes and values of interactive radius
formulation). However, as mentioned in Jirásek and
Patzák (2002), if this type of non-localization is cho-
sen, the extra time spent on the stiffness assembly due
to consistent linearization in every iteration might be
compensated by fewer iterations required to meet the
convergence criterion. This matter becomes critical if a
more stringent convergence criterion is necessary. For
further details on the implementation issues of the con-
sistent linearization of non-local damage problems of
integral-type we refer to Jirásek and Patzák (2002).
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